Abstract: Fault diagnosis is an important issue in various fields and aims to detect and identify the faults of systems, products, and processes. The cause of a fault is complicated due to the uncertainty of the actual environment. Nevertheless, it is difficult to consider uncertain factors adequately with many traditional methods. In addition, the same fault may show multiple features and the same feature might be caused by different faults. In this paper, a neutrosophic set based fault diagnosis method based on multi-stage fault template data is proposed to solve this problem. For an unknown fault sample whose fault type is unknown and needs to be diagnosed, the neutrosophic set based on multi-stage fault template data is generated, and then the generated neutrosophic set is fused via the simplified neutrosophic weighted averaging (SNWA) operator. Afterwards, the fault diagnosis results can be determined by the application of defuzzification method for a defuzzying neutrosophic set. Most kinds of uncertain problems in the process of fault diagnosis, including uncertain information and inconsistent information, could be handled well with the integration of multi-stage fault template data and the neutrosophic set. Finally, the practicality and effectiveness of the proposed method are demonstrated via an illustrative example.
Introduction
Fault diagnosis aims to identify and repair faults in systems, products, and processes, and has been widely applied to various fields, for instance, military [1, 2] , economic [3, 4] , and medicine [5, 6] , and plays a significant part in the prevention of accidents during the normal operation of equipment [7, 8] . Owing to the complexity and uncertainty of the actual environment, fault information is usually imprecise, incomplete, and uncertain, and it is thus, difficult to cope with [9] [10] [11] [12] . The challenge is to devise a fault diagnosis process to reduce the impact of such imprecision, incompletion, and uncertainty as much as possible. Furthermore, the fault information obtained from multiple sources may be different or even conflicting [13] . In such cases, it is important to check conflicts between the information and to aggregate the information into consistent information.
A great deal of research work has been performed in the field of fault diagnosis, some of which has resulted in the application of efficient approaches to exactly and expeditiously diagnose certain types of faults. Nevertheless, most of these methods fail to diagnose multiple types of faults [14] [15] [16] . To solve this problem, some methods based on Bayes theory were proposed [17] [18] [19] , though efficient aggregation results could only be obtained when the proper and qualified a priori and conditional probabilities were obtainable in the methods based on Bayes theory [20] . As a development of the Bayes theory, the Depmster-Shafer evidence theory was proposed to deal with uncertainty problems [21] [22] [23] [24] . Reference [25] describes the integration of the fuzzy set theory and evidence theory to improve the accuracy of various diagnoses. In addition, there have been several research works based on the use of acoustic signals [26] [27] [28] for the fault diagnosis of rotating machines. Lee et al. [29] presented a power transformer fault diagnosis method based on set pair analysis (SPA) and association rules. He et al. [30] proposed a novel fault diagnosis method based on the relevance vector machine (RVM) to deal with small data samples. Vibration signal-based fault diagnosis methods [31] [32] [33] have also proposed in recent years.
However, uncertain factors in the process of fault diagnosis have not been well handled. In order to deal with uncertain problems under fuzzy information and incoherent information, Smarandache defined the concept of a neutrosophic set [34] [35] [36] [37] , which is a set of elements that exist in a non-standard unit interval, such as the realness degree, uncertainty degree, or false degree, as a summarization of concepts of the classic set [38] , fuzzy set (FS) [39] , intuitionistic fuzzy set (IFS) [40, 41] and interval valued intuitionistic fuzzy set (IVIFS) [42] . To facilitate the application of the neutrosophic set to practical problems, Wang et al. [43] proposed the concepts of the interval neutrosophic set (INS) and single valued neutrosophic set (SVNS), and Ye [44] defined the concept of the simplified neutrosophic set (SNS). In order to fuse the neutrosophic information to solve realistic problems under a neutrosophic environment, some researchers proposed neutrosophic aggregation operators. For instance, Liu and Wang [45] introduced a single-valued neutrosophic normalised weighted Bonferroni mean operator based on the SVNS. Furthermore, Peng et al. [46] developed simplified neutrosophic information aggregation operators, such as the simplified neutrosophic weighted averaging (SNWA) operator and the simplified neutrosophic weighted geometric (SNWG) operator.
Several methods based on the neutrosophic set have been proposed for fault diagnosis. For instance, Ye proposed cotangent similarity measures for SVNSs based on a cotangent function for the fault diagnosis of steam turbines [47] and the dimension root similarity measure of SVNSs for the fault diagnosis of hydraulic turbines [48] , which are all used for fault diagnosis under a single-valued neutrosophic environment. Kong et al. proposed the misfire fault diagnosis method for the fault diagnosis of gasoline engines [49] . Zhang et al. proposed a single-valued neutrosophic (SVN) multi-granulation rough set over a two universe model for the diagnosis of steam turbine faults [50] .
There is still a requirement to deal with the uncertainty, imprecision, and incompletion of information and to improve the accuracy of fault diagnosis results with reduced calculations [51] [52] [53] . Nevertheless, the complex relationships among fault types and various features of faults in fault diagnosis problems leads to difficulty in fault diagnosis. In addition, with changes in time, the unsteadiness of the actual environment causes uncertainty in fault template data collected at different stages. The uncertainty of multi-stage fault template data, however, fails to be dealt with well. In order to solve this problem, a neutrosophic set based fault diagnosis method based on multi-stage fault template data is proposed in this paper. An unknown fault sample whose fault type is unknown is diagnosed by generating its neutrosophic sets based on multi-stage fault template data, and then the SNWA operator is applied to fuse the multi-stage neutrosophic sets of the unknown fault sample under each feature and to fuse the neutrosophic sets of all features of the unknown fault sample again. Afterward, the fault diagnosis results are determined by the application of the defuzzification method to defuzzy the neutrosophic set of each fault type. This proposed method has several main traits. Firstly, in comparison to some traditional fault methods, for instance, the method based on the relevance vector machine [30] , the multi-stage fault template data can deal with the uncertainty of collected data due to the unsteadiness of the actual environment. Afterwards, compared with the method based on random fuzzy variables [54] , the application of the neutrosophic set gives consideration to the uncertainty of the fault types and the unknown fault sample, which reflects and handles the uncertainty of fault information well. Compared with former neutrosophic set based methods for fault diagnosis [47] [48] [49] [50] , the generation of a neutrosophic set based on multi-stage fault template data in this paper can deal with uncertain information better and diagnose the faults efficiently.
The rest of this paper is arranged as follows: Section 2 briefly introduces the concepts of the neutrosophic set, SNS, and the SNWA operator. The proposed method for fault diagnosis is listed step by step in Section 3. In Section 4, a numerical example is used to demonstrate the reasonableness of this proposed method, and to interpret the proposed method. Some summary remarks are shown in Section 5.
Preliminaries
The neutrosophic set, introduced by Smarandache [34] , is an extension of the classical FS [39] , IFS [40] , and IVIFS [42] . It is an efficient tool for dealing with the problem with uncertain information. The neutrosophic set concept is defined as follows [43] : Definition 1. Let X be a space of points (objects), with a generic element in X denoted by x. A neutrosophic set (A) in X is characterized by a truth-membership function (T A ), an indeterminacy-membership function (I A ) and a falsity-membership function (F A ). T A (x), I A (x), and F A (x) are real standard or non-standard subsets of ]0 − , 1 + [. That is,
There is no restriction on the sum of T A (x),
In order to promote the application of the neutrosophic set in practical problems, the notion of SNS [44] was proposed as a subclass of the neutrosophic set. The definition of SNS is as follows [44] : Definition 2. Let X be a space of points, with a generic element in X denoted by x. A neutrosophic set (A) in X is characterized by a truth-membership function (T A (x)), a indeterminacy-membership function (I A (x)) and a falsity-membership function (
and
Then an SNS A in X can be denoted as
Which is called an SNS. In particular, if X includes only one element, N = T A (x), I A (x), F A (x) is called a SNN and is denoted by α = µ, π, ν . The numbers µ, π, ν denote, respectively, the degree of membership, the degree of indeterminacy-membership, and the degree of non-membership.
For any two SNSs (
, the operational relations are defined as the following [44] :
Peng et al. [46] developed some simplified neutrosophic information aggregation operators, such as the SNWA operator, which is based on the conception of SNS. It is defined as follows [46] :
. . , n be a collection of SNNs. Then,
where w = (w 1 , w 2 , . . . , w n ) T is the weight vector of
The Proposed Method
The characteristics of the actual environment in which a system, product, or process is used, for instance, the temperature, location and air, are unstable over time in the fault diagnosis process, even if the equipment works under the same conditions normally, which leads to uncertainty in the data collected at different stages. These factors have obvious impacts on fault diagnosis results. Thus, the uncertainty of fault information must be dealt with to achieve more efficient diagnosis results. In the face of this problem, a neutrosophic set based fault diagnosis method based on multi-stage fault template data is proposed to diagnose the unknown fault sample in this paper. Consider an unknown fault sample (S) with n features (C = {C 1 , C 2 , . . . , C n }), whose data have been collected under each feature. The aim of this fault diagnosis method is to identify the fault type of the unknown fault sample (S). The flow-process diagram of the proposed method is shown in Figure 1 , and the detailed procedures are elaborated step by step in the following text. Step 1 Collect the multi-stage data of fault types under each feature. Suppose that there are m fault types (F = {F 1 , F 2 , . . . , F m }) with n features (C = {C 1 , C 2 , . . . , C n }). 
where i = 1, 2, . . . , m and j = 1, 2, . . . , n.
Step 2 Generate the SNS for an unknown fault sample (S) based on the multi-stage data of each fault type under each feature. For each stage's data for each fault type under every feature, and for the data of every feature of the unknown fault sample (S), a normal distribution model is established which is obtained by using the arithmetic average (m) and variance (σ 2 ) of a stage's data as the arithmetic average and standard deviation of the normal distribution model, denoted as N(m, σ 2 ). Then, k normal distribution models and k normal distribution figures are generated according to k stages of data of each fault type under each feature. In addition, a normal distribution model is generated based on the data of the unknown fault sample under each feature. The normal distribution figures generated from the data of C j of unknown fault sample S and k stages of data for C j of F i are shown in Figure 2 . As the figure shows, each stage's data collected drift to a certain extent in a certain range. In particular, there are distinct differences between the fault type's data collected in the fourth stage and the data of the unknown fault sample. The normal distribution function indicates the distribution probability density of the data. The membership degree of SNS is defined as the ratio of the maximum value of the vertical coordinate of the intersection point between the unknown fault sample and the fault type and the peak value of the unknown fault sample. The two normal distribution curves ( Figure 3 ) and the definition of the membership degree (µ) are as follows:
where y h represents the maximum value of the vertical coordinate of the intersection point of distribution between the unknown fault sample (S) and the fault type (F i ), and y m represents the peak value of the unknown fault sample's distribution.
As the figure shown, the intersection points of distribution between the unknown fault sample and F i are marked with X, and the peak point of S' distribution is marked with X in the same way. Then, from the Equation (6), the membership degree is generated. In this paper, it is assumed that the non-membership degree and the membership degree are interdependent. The indeterminacy-membership degree indicates the uncertainty degree of neutrosophic information. Entropy represents the uncertainty of the information and has been widely used in many fields. Shannon introduced the quantitative and qualitative model of communication as a statistical process that underlies information theory [55] , which is a formalism that was originally applied to digital communication. The indeterminacy-membership degree and non-membership degree are defined as follows:
The indeterminacy-membership degree (π) represents the Shannon entropy of the membership degree (µ) and the non-membership degree (ν), and π equals 0 if µ or ν equal 0. Hence, the SNS can be obtained. The generated SNS is shown in Table 1 : Table 1 . The generated simplified neutrosophic set (SNS) for S based on multi-stage data.
Fault Type Stage Feature
Step 3 Aggregate the generated SNS based on each fault type under each feature. In this paper, it is assumed that the weights of data from k stages collected under the same working conditions are equal. The k SNNs of each fault type under each feature are fused via the SNWA operator, as shown in Equation (5). For instance,
Then, the fused SNS matrix (A) is as follows:
Step 4 Aggregate the fused SNS based on all features of each fault type. If the weights of n features are equal, n SNNs of each fault type are fused via the SNWA operator, as shown in Equation (5). For instance,
Then, the fused SNS matrix (F) is as follows:
Step 5 Determine the fault type of the unknown fault sample. Considering the fuzziness of the unknown fault sample and the fault types, direct application of the defuzzification method can intuitively reflect the results of the fault diagnosis and reduce the amount of calculation in the process of fault diagnosis. The crisp number of each SNN is defuzzied and calculated as follows [56] :
C i is the degree to which the information extracted from the data of untested fault supports each fault type. As a result, the ranking order of all the fault types can be determined according to the descending order of their crisp numbers (C i ).
Illustrative Example and Discussion
In this section, an example of a motor rotor is used to demonstrate the validity and accuracy rate of the proposed method.
The experimental equipment is a multi-functional flexible rotor test-bed. The vibration displacement sensor and acceleration sensor were placed in the horizontal and vertical directions of the rotor support pedestal, respectively, to collect the rotor vibration signals, and the signals were transmitted to the upper computer through the acquisition box. Then, using the data analysis software under the LabV IEW environment, the vibration acceleration spectrum of the rotor and the average amplitude of vibration displacement in the time domain were obtained as the fault feature signals. An unknown fault sample, S 1 , was used. When the rotor was running normally, the amplitude of each vibration frequency did not exceed 0.1 m/s 2 . When the fault occurred, the frequency and augmentation of the amplitudes of different faults were distinct. The vibration energy of three kinds of fault types were mostly concentrated at 1 − 3X. Therefore, S 1 was determined to have four features: The data in this paper originated from ref. [57] . The data of S 1 under each feature was collected. For instance, the data of S 1 under C 1 was as follows: Step 1 Collect the multi-stage data of each fault type under each feature. There are three fault types set up on the test-bed: For each feature of each fault type, data from five stages were collected, and for each stage's data, forty consecutive observation values were collected continuously within a time interval of 16 s.
The data in this paper originated from Reference [57] . For instance, the first stage's data of F 1 under C 1 was as follows: Step 2 Generate the SNS for the unknown fault sample based on the multi-stage data from each fault type under each feature. Each stage's data collected is used to establish the normal distribution model. The generated normal distributions of fault types and the unknown fault sample are listed in Table 2 . For instance, the normal distribution of S 1C 1 data and F 1C 1 with five stages of data is shown in Figure 4 . As the figure shows, each stage's data collected drift to a certain extent in a certain range. In particular, there were distinct differences between the fault types collected in each stage and the data of unknown fault samples. Therefore, it is significant to collect data in multiple stages and to use its integration with the neutrosophic set to deal with the uncertainty of fault information. Table 2 . Multiple distributions of fault types and the unknown fault sample. Then, µ, π, ν are calculated with Equations (6) and (7). For instance, the distribution of S 1C 1 Data was N(0.1427, 0.0006), the normal distribution of F 1C 1 's first stage of data was N(0.1619, 0.0200), and the membership degree of SNN generated from the two distributions is shown in Figure 5 . As the figure shows, the intersection points of distribution between the unknown fault sample (S 1 ) and F 1C 1 's first stage data are marked with X, and the peak point of S 1 's distribution is marked with X in the same way. Then, from the Equations (6) and (7), the SNN was generated and denoted as (0.0197, 0.0969, 0.9803). The generated SNSs are listed in Table 3 . (0.0000, 0.0000, 1.0000) (0.0000, 0.0000, 1.0000) (0.0000, 0.0000, 1.0000) (0.0164, 0.0836, 0.9836) 5 (0.0000, 0.0000, 1.0000) (0.0000, 0.0000, 1.0000) (0.0000, 0.0000, 1.0000) (0.0000, 0.0000, 1.0000) The others are shown in Table 4 . (0.0000, 0.0000, 1.0000) (0.0000, 0.0000, 1.0000) (0.2836, 0.5332, 0.7164) (0.0000, 0.0000, 1.0000)
Fault Type Stage Feature
Step 4 The others are shown in Table 5 . Step 5 Determine the fault type of the unknown fault sample. Finally, Table 5 can be regarded as an SNN fault diagnosis matrix which can be used to rank the three fault types via the defuzzification method (Equation (10)). The descendant ranks of the crisp numbers of the three fault types are shown in Table 6 . Table 6 . The ranks of the crisp numbers of three fault types.
Fault Type Crisp Number Rank
The above ranking results show that the fault type diagnosed by the proposed method is F 1 , which is consistent with the true fault type.
In addition, taking the distribution of the data of S 1 under a certain feature, for instance, C 3 , and the distribution of the first stage's data of each fault type under the identical feature as an example, the distribution figure is shown in Figure 6 . As the figure shows, the maximum intersection points of the ordinate of distribution between S 1 and each fault type (F i ) are marked with X, and the peak point of S 1 's distribution is marked with X in the same way. Then, from the calculation formula of the membership degree (Equation (6)), it is clear that the membership of S 1 to F 3 is the maximal one, which conflicts with the originally known information that S 1 's actual fault type is F 1 , and this situation is not rare. Therefore, the integration of multi-stage fault template data and the neutrosophic set is efficient and significant, and it fuses the conflicting information into coordinated information and obtains the correct diagnosis results. Moreover, the proposed method was used to verify the other two unknown fault samples, and these diagnosis results were also correct. The diagnosis result of the three unknown fault samples are shown in Figure 7 , where the ordinate indicates the crisp number of the defuzzification result, and the abscissa indicates the fault types. As shown in this figure, the crisp numbers of the unknown fault sample of each fault type are plotted with a line chart. When the crisp number of an unknown fault sample for a certain fault type (F i ) is maximal, the diagnosed fault type of the unknown fault sample is F i . Compared with Xu's method [54] , which was used to diagnose three unknown fault samples (S 1 , S 2 , S 3 ), the proposed method was also applied to diagnose identical three unknown fault samples (S 1 , S 2 , S 3 ) to demonstrate the reasonableness of this proposed method. The diagnosis results are shown in Table 7 . From the diagnosis results in Table 7 , it is concluded that the similar rankings for all fault types and diagnosis results indicates the practicality and effectiveness of the proposed method. Xu's method [54] only applies to the minimum and maximum mean values of five stages of data, whose boundary rests with the several stages of data collected. However, it is widely admitted that each stage's data would drift to a certain extent over a certain range, and the deviation of data due to the unsteadiness of the actual environment is one of most influencing causes in fault diagnosis results. It is difficult for Xu's method [54] to express and deal with the uncertainty of multi-stage fault template data, which the proposed method coped with appropriately due to the integration of multi-stage fault template data and the neutrosophic set. In adition, the crisp numbers fail to precisely express the information extracted from the data collected due to the unsteadiness of measuring the environment. The neutrosophic set, however, was able to accurately describe the uncertain phenomenon, as it gives consideration to both the uncertainty of fault types and the unknown fault sample. Most kinds of uncertain problems in the process of fault diagnosis, including uncertain information and inconsistent information could be handled well with the integration of multi-stage fault template data and the neutrosophic set.
Conclusions
In this paper, to deal with uncertain problems in fault diagnosis, a fault diagnosis method was developed by defuzzying the neutrosophic set obtained from multi-stage data. The focus of this method is the collection of data in multiple stages and the generation of SNS, which was expected to appropriately minimize the uncertainty of fault type information and unknown fault sample information. An illustrative example was provided in this paper, and the results of this example indicate that the proposed method can effectively diagnose the fault type of an unknown fault sample. This neutrosophic set based fault diagnosis method based on multi-stage fault template data not only handles the uncertainty of information collected in fault diagnosis well, but also provides a method for fault diagnosis where there are complicated corresponding relationships between multiple fault types and their features. It is both efficient and convenient when dealing with fault diagnosis problems. Further work will focus on the following directions. An appropriate method for the calculation of features' weights based on the information collected is planned. In addition, for the convenience of calculation, the double aggregation of netrosophic sets may be simplified in future work.
